Abstract: Stability of nonlinear switched systems is discussed. A method of constructing the common (scalar and vector) Lyapunov functions is proposed for switched systems whose equations have homogenous right-hand sides and for switched large-scale systems containing homogeneous subsystems. With the aid of homomorphic mapping the problem of stability for nonhomogeneous nonlinear systems is reduced to an auxiliary problem, which is easier to analyze. Matrix homomorphism is used for the purpose of ellipsoidal estimation of nonlinear dynamics of the polynomial class of systems. Certain applications are mentioned.
INTRODUCTION
This paper discusses the issue of stability of switched systems as systems characterized by some variable structure. These systems have been investigated from the mid 1950s (E.A.Barbashin, S.V. Emelyanov, A.F.Filippov, etc.) and are known also as hybrid systems in the contemporary literature on control problems, DeCarlo et al. (2000) .
Our results are related to Lyapunov's 2 nd method, which has become widely used due to its essential extension and applications to systems dynamics and automatic control (N.G.Chetaev, N.N.Krasovskii, J.P.LaSalle and many others). One of the first issues in stability analysis of switched systems is the existence of the common Lyapunov function (CLF) for the total family of switched subsystems, DeCarlo et al. (2000) , Shorten et al. (2007) . The problems of CLF existence and constructing have not yet been solved completely even for linear time-invariant switched systems (LTISSs), Lin et al. (2009) . It is known that the existence of homogenous 2 nd order CLF represents the necessary and sufficient condition of asymptotic stability of LTISS, Molchanov et al. (1989) , and the CLF does not have to be a quadratic form. Some necessary and sufficient conditions of existence of a quadratic CLF for LTISS with a 2D state vector have been obtained, Shorten et al. (2007) , Pakshin et al. (2005) .
The problem of CLF existence for nonlinear systems is an open problem of control theory, Liberzon (2004) , and its successful solution seems be obtainable only for partial classes of systems, e.g. for the systems with homogenous or commutable right-hand sides. An approach to investigation of 2D homogenous switched systems has been proposed that is based on the consideration of the worst-case of the switchinglaw, Holcman et al. (2003) . In Section 2, we propose to take up the problem of existence of CLF for the family of homogenous systems.
Multiple Lyapunov functions are also used, Branicky (1998) , etc. Furthermore, different approaches either to satisfying the requirement that these functions do not increase at the time of switching or to compensation of their non-monotony as well as for the values of jumps have been proposed (J.P. Hespanha, A.A.Ahmadi, etc.) .
In Section 3, homomorphism as nonlinear and generally alternating transformation of mathematical models and the reduction method are used, Vassilyev (2006) . This method represents further development of the comparison method with vector Lyapunov functions (VLF) as well as the development of methods intended for analysis of preservation of the properties of algebraic systems (R.C.Lindon, A.I.Maltsev, etc.).
The term VLF belongs to R.Bellman, 1962. The VLF method has been developed by V. Matrosov (1962) in the form of the comparison principle and later on in an algorithmic form of the comparison method, Matrosov (1973) (see also the books Siljak (1978) , Matrosov et al. (1980) , Grujic et al. (1987) , Lakshmikantam et al. (1991) , Abdullin et al. (1996) ). As shown by D.Siljak in the framework of connective stability, the VLF method is well compatible with switching and state jumps, e.g. Lakshmikantham et al. (1989) , Malikov (1999) , Michel et al. (2000) , Vassilyev (2002) , Nersesov et al. (2007) . The reduction method may be applied to a wider set of classes of models and their properties than the comparison method. And it may be applied to a wide class of model transformations (VLF, common VLF, homomorphisms, matrix Lyapunov functions, etc.) . Noteworthy, the reduction method allows one to verify also the correctness of the coordinate and other model transformations as far as preservation of the desirable dynamics in direct, inverse or in both directions is concerned.
In Section 3, the stability problem for nonlinear switched systems is reduced to a similar auxiliary problem, which can prove simpler to tackle (e.g. can have some smaller dimension or a form of impulsive differential equations without switches).
In the present paper, we consider also the issue of stability of large-scale systems with switched homogeneous subsystems and switched interconnections (Section 4). Finally, quantitative estimation of the dynamics of switched polynomial systems is considered (Section 5). Applications to nonlinear problems of automatic control are pointed out. It should be noted that ellipsoidal techniques are useful for the purpose of quantitative external and internal estimations of the dynamics, Kurzhanski (2005 Kurzhanski ( , 2006 , Chernousko (1988) , Malikov (1999 Malikov ( , 2002 . Lyapunov function techniques may be applied also to nonlinear systems, although estimations obtained with the aid of homomorphisms are more precise. In Section 5, a technique of matrix homomorphisms is proposed for the purpose of external ellipsoidal estimation of nonlinear dynamics of the above-mentioned class of systems.
CONSTRUCTING CLF FOR THE FAMILY OF HOMOGENEOUS SYSTEMS
Consider the ordinary differential equations (ODEs) for j k ≠ . In this case, for satisfiability it is necessary and sufficient that matrix
Such inequalities are usually used as the criteria of asymptotic stability of the linear comparison systems in the VLF technique, Abdullin et al. (1996) .
APPLICATION OF THE REDUCTION METHOD TO NONLINEAR SWITCHED ODE
The reduction method (Vassilyev, 2006) has the form of algorithms intended for solving the 1st order logic equations
, where i A and B are known members and X is the object to be found. Let B be the definition of stability of the trivial solution for switched ODE, which is introduced below.
N={1, 2, 3,…}, be piecewise constant functions, which have a finite number of finite jump-discontinuities on each finite interval in T. We denote its discontinuity points by
; let these points form a strictly increasing sequence
. Suppose, the function s is left continuous at the points of discontinuity i τ , and ( ) + i s τ is its right limit at point i τ . Next, we denote the set of introduced functions s by S and the set of all points of discontinuity i τ as ( )
} and U is an irreflexive binary relation that acts as some a priori restriction for the admissible switches. Consider the switched ODE
where 
A is the requirement of stability for the following switched ODE with discontinuous solutions ( ) 
hold for arbitrary Theorem 2. Suppose that the systems (4) and (5), (6) satisfy the homomorphism condition and the following requirements: 
It may easily be verified that equalities (7), (8) (6) is stable, and, therefore, system (4) is stable too. Similar theorems have been obtained for properties of asymptotic stability, dissipativity and boundedness of dynamical systems with continuous and discrete time.
APPLICATION OF THE REDUCTION METHOD TO LARGE-SCALE SYSTEMS WITH COMMON VLF
Consider a large-scale system with switched subsystems and switched interconnections 
Suppose that for any i -th family of homogeneous differential systems with an order i µ ) ( 
From (11), for the derivative of the i -th component of CVLF (12) w.r.t. the system (9) we obtain the following estimate
Here the functions ) (V Since CVLF (12) is positive definite, according to the comparison theorems (Matrosov et al. (1980) ) the trivial solution 0 = x of (9) has the same stability properties as the trivial solution of the comparison system (CS)
Consider the following two most interesting particular cases with explicit forms of stability conditions for (13). Introduce matrix ( ) (9) , then the stability of the trivial solution of (9) (13) is a homogeneous and has the 1st order. Furthermore, the matrix B differs from the matrix Q determined by formulae (3.15) from Matrosov et al. (2007) only by multiplication of the i -th row to 0 2 > i a . Therefore, conditions (3) are equivalent to the Hurwitz condition for Q . As is shown in Matrosov et al. (2007) , we obtain the least stringent conditions of asymptotic stability of linear CS. The corresponding conditions of Bailey (1965 ), Furasov (1977 , Siljak (1978) are cruder than (3).
Let the system (9) represent an LTISS. In the case of asymptotic stability, the CLF exists in the class of homogeneous polynomials, Mason et al. (2006) . However, the degree of such polynomial CLF may be arbitrarily high, and it increases with the dimension. That is why Theorem 4 can be considered as a tool of analysis of LTISS stability by means of a polynomial CLF, since their constructing has to be made for the subsystems (10) having lower dimension than the total system (9).
Example 2. Consider a mechanical system with two interacting carriages with coordinates 1
x and 1 y (Fig. 1) . This matrix homomorphism is used for estimating the state of a control system with sector-type nonlinearities under uncertainties and perturbations caused e.g., by failures and renewals of the sensors and the measurement errors.
On the basis of such guaranteed estimation of the state and constructing the observers for each operating mode, the algorithmic diagnostics of electromechanical control systems are performable too.
CONCLUSIONS
In this paper we have discussed a unified approach to dynamical analysis, i.e. the reduction method. Switched differential equations have been the main object of our investigation, the main focus being made on the stability problem, and the main tools being homomorphims and common Lyapunov functions (scalar and vector ones). Furthermore, the reduction method allows for the potentialities of extensions and further development of all the three aspects, including the object of the investigation, the scrutinized dynamical property and the tools applied.
